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In this work, we consider the dual vector equilibrium problems in the topological vector
spaces setting for a moving cone. We investigate the relationship between solutions of the
vector equilibrium problems and those for their perturbations. Our result may be viewed
as a refinement and improvement of the paper [L. Huang, Existence of Solutions on Weak
Vector Equilibrium Problems, vol. 65, 2006, pp. 795–801.].
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Equilibrium problems have been extensively studied in recent years; the origin of this can be traced back to Blum
and Oettli [1] and Noor and Oettli [2]. It is well-known that vector equilibrium problems provide a unified model for
several classes of problems, for examples, vector variational inequality problems, vector complementarity problems, vector
optimization problems and vector saddle point problems; see [1–7] and the references therein. To the best of our knowledge,
there has been hardly any research on the dual vector equilibriumproblems.Motivated and inspired by the ongoing research
in this direction, we consider the dual vector equilibrium problems and consider some characterization of the solutions in
the topological vector spaces setting for a moving cone. This is our main motivation for this work.
To bemore precise, let X and Y be real Hausdorff topological vector spaces, and K a nonempty subset of X . Let f : K×K →
Y be a mapping and W : K → 2Y be a set-valued mapping. A subset Q of Y is called a convex cone if λQ ⊆ Q for each
λ ≥ 0 and Q + Q ⊆ Q . The convex cone Q is said to be pointed if Q ∩ (−Q ) = {0}. In this work, we consider the following
generalized dual vector equilibrium problem (for short, GDVEP): finding y ∈ K such that
f (x, y) ∈ W (y), ∀x ∈ K .
Let X and Y be a bounded complete locally convex Hausdorff topological vector space and a Hausdorff topological vector
space, respectively, and Q a pointed closed convex cone with a nonempty interior intQ in Y . Now if we takeW (x) = {−Q }
(resp., W (x) = {Y \ intQ }) for all x ∈ K , then GDVEP reduces to the vector equilibrium problem (resp., weak vector
equilibrium problem) presented in [7].
Throughout the work, unless otherwise specified, X and Y are real Hausdorff topological vector spaces. The open line
segment going between and joining x, y ∈ K is designated by ]x, y[. We denote by 2A the family of all subsets of a set A in X .
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Let K be a nonempty convex subset of X and K0 a subset of K . A set-valued mapping Γ : K0 → 2K is called a KKMmapping
if the convex hull co A of A satisfies
co A ⊆

x∈A
Γ (x), ∀A ∈ F (K0),
where F (K0) is the collection of all finite subsets of K0.
A set-valued mapping T : X → 2Y is said to be closed if the graph Gr(T ) = {(x, y) : x ∈ X, y ∈ T (x)} of T is a closed set
in X × Y .
We need the following lemma in the sequel. It is more general than Theorem 2.0 applied in [7]. Of course, we can use
a general form obtained by Fakhar and Zafarani in [4]. They relaxed the closedness condition. For simplicity, we use the
following form.
Lemma 1.1 ([5]). Let K be a nonempty subset of a topological vector space X and F : K → 2X be a KKMmapping with closed set
values. Assume that there exists a nonempty compact convex subset B of K such that

x∈B F(x) is compact. Then
x∈K
F(x) ≠ ∅.
2. The existence of solutions for dual vector equilibrium problems
The following theorem provides sufficient conditions for guaranteeing the nonemptiness and the compactness of the
solution set of GDVEP.
Theorem 2.1. Let K be a nonempty closed subset of X, f : K ×K → Y be a mapping andW : K → 2Y be a set-valued mapping.
Assume that the following hypotheses hold:
(a) for all A ∈ F (K) and for all y ∈ co A, there exists x ∈ A such that f (x, y) ∈ W (y);
(b) for each x ∈ K , the set {y ∈ K : f (x, y) ∈ W (y)} is closed in K;
(c) there exist a nonempty compact subset B of K and a nonempty convex compact subset D of K such that for each x ∈ K \ B
there exists y ∈ D such that f (y, x) ∉ W (x).
Then, the solution set of GDVEP is nonempty and compact.
Proof. We define Γ : K → 2K by
Γ (x) = {y ∈ K : f (x, y) ∈ W (y)},
for all x ∈ K . By (a), Γ is a KKM mapping. By (b), the values of Γ are closed in K and (c) guarantees the inclusion
y∈D Γ (y) ⊆ B. Therefore, Γ satisfies all of the assumptions of Lemma 1.1. Hence by Lemma 1.1 we have

x∈K Γ (x) ≠ ∅.
This means that GDVEP has a solution (note that the solution set of GDVEP is equal to the set

x∈K Γ (x)). By (b), the solution
set of GDVEP is closed and by (c), it is a subset of the compact set B. This completes the proof. 
Remark 2.2. (i) If K is convex, f (x, x) ∈ W (x), C(x) = Y \W (x) is a convex cone, for all x ∈ K , and themapping f is concave
in xwith respect to C(x), that is,
f (ty1 + (1− t)y2, x)− (tf (y1, x)+ (1− t)f (y2, x)) ∈ C(x),
for each x, y1, y2 ∈ K and t ∈]0, 1[ in Theorem2.1, then condition (a) of Theorem2.1 holds. To see this, letA = {y1, . . . , yn} ∈
F (K) and x = ni=1 λiyi ∈ co(A), where λi ≥ 0 andni=1 λi = 1. Suppose to the contrary that (a) does not hold. Then for
each 1 ≤ i ≤ n, f (yi, x) ∉ W (x). Thus
f (yi, x) ∈ C(x), for each 1 ≤ i ≤ n. (2.1)
Since f is concave in xwith respect to C(x), we get
f

n
i=1
λiyi, x

−
n
i=1
λif (yi, x) ∈ C(x). (2.2)
By (2.1), note that C(x) is convex; thus we have
n
i=1
λif (yi, x) ∈ C(x). (2.3)
Now since C(x) is a convex cone, by (2.2) and (2.3) we obtain
f (x, x) = f

n
i=1
λiyi, x

∈ C(x),
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which contradicts our assumption. For an example, if we let X = Y = R,W (x) = (−∞, 0], and define f (x, y) = x− y, for
each x, y ∈ K , then f satisfies condition (a) while it is not concave in xwith respect to C(x) = [0,∞).
(ii) If X is a metrizable topological vector space, K is a closed subset of X , and W has a closed graph, then condition (b) in
Theorem 2.1 is equivalent to the following condition (b′)which was applied in Theorem 2.1 of [6]:
(b′) {y ∈ B : f (x, y) ∈ W (y)} is a closed set in K , for any compact subset B ⊆ K and any x ∈ K .
Indeed, It is clear that (b) implies (b′). Conversely, let (yn) be a sequence in the set {y ∈ B : f (x, y) ∈ W (y)} which
converges to y ∈ K . Since X is metrizable, then U := {yn : n ∈ N} ∪ {y} is a compact subset of K . Hence (b′) and the
closedness ofW imply that f (x, y) ∈ W (y) and so the result follows.
(iii) If the mapping y → f (x, y) is continuous, for each x ∈ K , and the graph Gr(W ) of W is closed, then the set
E = {y ∈ K : f (x, y) ∈ W (y)} is closed in K , and so condition (b) holds. To see this, let yα ∈ E and yα → y ∈ K . Then, for
each α, f (x, yα) ∈ W (yα). Therefore, since the mapping f is continuous in the second variable and the graph Gr(W ) ofW is
closed, f (x, y) ∈ W (y). Hence x ∈ E. Finally if K is compact then condition (c) holds trivially.
Example and Remark. The following result improves and extends Theorem 2.1 of [7]. In fact, the condition ‘‘locally convex
and bounded completeness of X ’’ was omitted and condition (H3)was relaxed. It is known that every bounded locally convex
Hausdorff space is normable (see Theorem 1.39 of [8]). Hence this strong condition has been removed. There are a lot of
examples which are not locally convex and hence are not normable (for example, Lp, the set of all Lebesgue measurable
functions, is not locally convex for 0 < p < 1; see Example 11 (page 173) in [9]). Furthermore we work with a moving
set with a nonempty interior instead of a fixed convex pointed cone with a nonempty interior and one can see, by using
Theorem 20 (page 177) of [9], that condition (H3) of Theorem 2.0 in [7] is a special case of condition (b) in the next theorem
when X is a locally convex Hausdorff topological space.
Theorem 2.3. Assume that K is a nonempty closed convex subset of X, C : K → 2Y is a set-valued mapping with int C(x) for all
x ∈ K , and f : K × K → Y is a mapping. If the following hypotheses hold:
(a) f (x, x) ∉ int C(x) (∀x ∈ K), and for any A ∈ F (K) and any y ∈ co A \ A, there exists x ∈ A such that f (x, y) ∉ int C(y),
(b) {y ∈ B : f (x, y) ∉ int C(y)} is a closed set in K , for any compact subset B ⊆ K and any x ∈ K ,
(c) there exist a nonempty compact subset B of K and a nonempty convex compact subset D of K such that for each x ∈ K \ B
there exists y ∈ D such that f (y, x) ∈ int C(y),
then the solution set of the weak vector equilibrium problems, that is, the set {y ∈ K : f (x, y) ∉ int C(y),∀x ∈ K}, is nonempty
and compact in K .
Proof. The conclusion follows from Theorem 2.1 on takingW (x) = Y \ int C(x) for all x ∈ K and using Remark 2.2(ii). 
The following corollary generalizes Corollary 1 of [7] from a fixed convex pointed cone to an arbitrary moving set in the
Hausdorff topological vector space.
Corollary 2.4. Let conditions (a) and (b) in Theorem 2.3 be respectively replaced by
(a′) f (x, x) ∈ −C(x) (∀x ∈ K), and for any A ∈ F (K) and any y ∈ co A \ A, there exists x ∈ A such that f (x, y) ∈ −C(y), and
(b′) {y ∈ B : f (x, y) ∈ −C(y)} is a closed set in K , for any compact subset B ⊆ K and any x ∈ K.
If the following coercivity condition holds:
(c′) there exist a nonempty compact subset B of K and a nonempty convex compact subset D of K such that for each x ∈ K \ B
there exists y ∈ D such that f (y, x) ∉ −C(y),
then the solution set of dual vector equilibrium problems, that is, {y ∈ K : f (x, y) ∈ −C(y),∀x ∈ K}, is nonempty and compact
in K .
Proof. The result follows from Theorem 2.1, on takingW (x) = −C(x), for all x ∈ K . 
Example and Remark. It follows from int C(x)∩−C(x) = ∅, for all x ∈ K (note that C(x) ≠ Y for all x ∈ K ), that condition
(c) of Theorem 2.3 implies condition (c ′) of Corollary 2.4. However, the following simple example: X = R, K = [1,∞), Y =
R2, P = {(x, y) ∈ R2 : x, y ≥ 0}, C(x) = P (for all x ∈ K ) and f (x, y) = (−|x|, |y| + 1), for all (x, y) ∈ K × K , shows that
the converse does not hold in general.
For the next result, we need the following definition of a vector lattice: Let Q be a closed pointed convex cone of a
topological vector space Y . It is obvious that Q induces a partially ordering on Y as x ≼ y ⇔ y− x ∈ Q .
We say that (Y ,Q ) is a vector lattice if, for any x, y ∈ Y , the least upper bound of the set {x, y} (denoted by sup{x, y} or
x ∨ y) with respect to the ordering defined by Q exists in Y .
The following result is a vector version of Theorem 2.3 in [7].
Corollary 2.5. Assume that (Y ,Q ) is a vector lattice and let h : K × K → Y be a mapping with a continuous mapping
y → h(x, y) and a concave mapping x → h(x, y) for any x, y ∈ K . If K is a compact convex subset of X and supu∈K h(u, u)
exists, then the set {y ∈ K : h(x, y) ≼ supu∈K h(u, u),∀x ∈ K} is nonempty and compact.
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Proof. Define a mapping f : K × K → Y by
f (x, y) = h(x, y)− sup
u∈K
h(u, u)
for each x, y ∈ K , and put C(x) = Q for all x ∈ K . It is easy to check that f satisfies all the conditions of Corollary 2.4. Hence
by Corollary 2.4, the set {y ∈ K : f (x, y) ∈ −C(y) = −Q ,∀x ∈ K}which is equal to the following set:
y ∈ K : h(x, y) ≼ sup
u∈K
h(u, u),∀x ∈ K

is nonempty and compact. This completes the proof. 
3. The viscosity principle for the perturbation of equilibrium problems
Let f , g : K ×K → Y be mappings and C : K → 2Y be a closed set-valued mapping with nonempty convex pointed cone
values. Set P =x∈K C(x).
In this section, we investigate the relationships among the solution set SK of the vector equilibrium problem which
consists of finding x¯ ∈ K such that
f (x¯, y) ∈ C(x¯), ∀y ∈ K ,
the solution set SDK of the dual vector equilibrium problem of finding x¯ ∈ K such that
f (y, x¯) ∈ −C(x¯), ∀y ∈ K
and the solution set St of the perturbation problem of finding xt ∈ K such that
f (xt , y)+ tg(xt , y) ∈ C(xt), ∀y ∈ K ,
where t > 0 is a given parameter.
The perturbation problem is a penalty version of a vector optimization problem with a parameter t > 0 when SK is a
single-point set and g is a penalty mapping.
We need the following definitions in the next part.
Definition 3.1. Let X be a topological space, Y a topological vector space and g : X → Y a mapping. Then g is said to be
locally bounded if each point of X has a neighborhood whose image under g is bounded.
Let us recall the definition of a kind of very weak continuity. This notion was introduced by Hadjisavvas [6] in the
framework of variational inequalities and later byBianchi andPini [3]when they considered the scalar equilibriumproblems.
In the following we extend it to the vector case.
Definition 3.2. Let f : K × K → Y be a mapping and C : K → 2Y a set-valued mapping. We say that the mapping
x → f (x, y) is C-upper sign continuous if the following implication holds for every x ∈ K :
f (u, y) ∈ C(x) (∀u ∈]x, y[)⇒ f (x, y) ∈ C(x).
Remark 3.3. It is straightforward to see that if f is hemicontinuous (that is, for any x, y, z ∈ K , f (tx+(1−t)y, z) is continuous
in t ∈ [0, 1]; see [7]) and the values of the set-valued mapping C are closed, then f and−f both are upper sign continuous,
while if we take X = R, K an arbitrary nonempty convex subset of X and C(x) = [0,∞) then any nonnegative function is
upper sign continuous, but there are a lot of nonnegative functions which are not hemicontinuous.
Definition 3.4. Let f : K × K → Y be a mapping and C : K → 2Y a set-valued mapping with closed convex cone values.
We say that f is:
(i) C-monotone (for short, monotone) if f (x, y)+ f (y, x) ∈ −C(x),∀x, y ∈ K .
(ii) P-convex (for short, convex) in the second variable if, for all fixed z ∈ K , the following implication, for all x, y ∈ K , holds:
(1− t)f (z, x)+ tf (z, y)− f (z, (1− t)x+ ty) ∈ P.
The following lemma plays a key role in the next theorem.
Lemma 3.5. Let K be a nonempty convex subset of X, f : K × K → Y be a mapping and C : K → 2Y be a set-valued mapping
with closed convex cone values, satisfying the following conditions:
(i) f (x, x) ∈ C(x) for every x ∈ K .
(ii) The mapping x → f (x, y) is C-upper sign continuous for every y ∈ K.
(iii) The mapping y → f (x, y) is P-convex for every x ∈ K.
Then, SDK ⊆ SK .
978 A.P. Farajzadeh, B.S. Lee / Applied Mathematics Letters 25 (2012) 974–979
Proof. Assume that z ∈ SDK ; then f (z, z) ∈ −C(z). Since f (z, z) ∈ C(z) by condition (i), we have
f (z, z) = 0 ∈ C(z). (3.1)
In order to show that z ∈ SK , suppose to the contrary that there exists y ∈ K such that
f (z, y) ∈ Y \ C(z). (3.2)
Let y = z+ t0(y−z) for some positive number t0 near to zero. Nowwewill show that f (u, y¯) ∈ C(z) for all u ∈]z, y¯[. Indeed,
suppose that
f (u, y¯) ∈ Y \ C(z) (3.3)
for some u = (1− t1)z + t1y¯ ∈]z, y¯[with some t1 ∈]0, 1[. Since
f (u, z) ∈ −C(z), (3.4)
multiplying (3.3) by t and (3.4) by 1− t and using (Y \ C(z))− C(z) ⊆ Y \ C(z), we deduce that
tf (u, y¯)+ (1− t)f (u, z) ∈ Y \ C(z) for t ∈ [0, 1]. (3.5)
And by condition (iii),
tf (u, y¯)+ (1− t)f (u, z)− f (u, t1y¯+ (1− t1)z) ∈ P ⊆ C(z). (3.6)
From (3.5) and (3.6), f (u, u) = f (u, t1y¯ + (1 − t1)z) ∈ Y \ C(z), which is contradicted by (i). Therefore, the C-upper sign
continuity of f implies that
f (z, y¯) = f (z, (1− t0)z + t0y) ∈ C(z). (3.7)
Now, multiplying (3.1) and (3.2) by t0 and 1− t0, respectively, we have
t0f (z, y) = t0f (z, y)+ (1− t0)f (z, z) ∈ (Y \ C(z))− C(z) ⊂ Y \ C(z).
Hence by condition (iii), we get f (z, y) ∈ Y \ C(z), which contradicts (3.7) and the proof is complete. 
Remark 3.6. If f is C-pseudomonotone, that is
f (x, y) ∈ C(x)⇒ f (y, x) ∈ −C(x),
then SK ⊆ SDK . Therefore the equality in the result of Lemma 3.5 holds if we add the condition of C-pseudomonotonicity to
Lemma 3.5.
It is obvious that C-monotonicity implies C-pseudomonotonicity.
The following theorem is a topological vector space version of Theorem 3.1 of [7] for a moving cone.
Theorem 3.7. Let C : K → 2Y be a closed set-valued mapping, f : K × K → 2Y be a monotone and C-upper sign continuous
mapping with a continuous convex mapping y → f (x, y) and g : K × K → Y be a mapping with a locally bounded mapping
x → g(x, y) for any x, y ∈ K. If St is nonempty for sufficiently small t > 0, then
T := {x ∈ K : ∃tn → 0; xtn ∈ Stn , xtn → x} ⊆ SK (= SDK ).
Proof. Let x ∈ T . Then there exist {tn} ⊂ R+(= (0,∞)) and {xtn} ∈ K such that tn → 0, xtn ∈ Stn , and xtn → x, and so from
the fact that xtn ∈ Stn we get
f (xtn , y)+ tng(xtn , y) ∈ C(xtn), ∀y ∈ K . (3.8)
The C-monotonicity of f implies that
− (f (xtn , y)+ f (y, xtn)) ∈ C(xtn). (3.9)
Adding (3.8) and (3.9), since C(xtn) is a convex cone, we get
− f (y, xtn)+ tng(xtn , y) ∈ C(xtn). (3.10)
Since g(·, y) is locally bounded, xtn → x and tn → 0, we deduce that
tng(xtn , y)→ 0. (3.11)
Therefore, the continuity of f (·, y) and the closedness of the set-valued mapping C , via (3.10) and (3.11), imply f (y, x) ∈
−C(x), and since y is an arbitrary element of K we deduce that x ∈ SDK . Now by Lemma 3.5, x ∈ SK . The proof is complete. 
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The following corollary guarantees the result in Theorem 3.7 without any monotonicity and convexity assumption on
the mapping f .
Corollary 3.8. The result in Theorem 3.7 still holds if f (·, y) and g(·, y) are continuous and locally bounded, respectively, for all
y ∈ K .
Proof. The result follows from the relation (3.8) in the proof of Theorem 3.7 and our assumptions. 
Corollary 3.9. If the hypothesis ‘‘g(·, y) is locally bounded in K ’’ in Theorem 3.7 is replaced by ‘‘g(·, y) is continuous in K ’’, then
the conclusion still holds, and g(x¯, y) ∈ C(x¯) (∀x¯ ∈ T , y ∈ SK ).
Proof. The proof of Theorem 3.7 shows that the condition ‘‘g(·, y) is locally bounded in K ’’ is only used in order to obtain
the relation (3.11), which trivially holds when g(·, y) is continuous in K . Thus the first part of the corollary holds. For the
second part, by (3.10) we have
tng(xtn , y) ∈ C(xtn)+ f (y, xtn).
Hence if y ∈ SK , then we get
tng(xtn , y) ∈ C(xtn)+ f (y, xtn) ∈ C(xtn)+ C(xtn) ⊂ C(xtn),
and so since C(xtn) is a cone and tn > 0 we deduce that
g(xtn , y) ∈ C(xtn).
Therefore, since g(·, y) is continuous, xtn → x¯, and C is closed set-valued, g(x¯, y) ∈ C(x¯), and this completes the proof. 
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